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Abstract. Measurements of cosmological parameters via the distance-redshift relation usu-
ally rely on models that assume a homogenous universe. It is commonly presumed that the
large-scale structure evident in our Universe has a negligible impact on the measurement
if distances probed in observations are sufficiently large (compared to the scale of inhomo-
geneities) and are averaged over different directions on the sky. This presumption does not
hold when considering the effect of the gravitational redshift caused by our local gravita-
tional potential, which alters light coming from all distances and directions in the same way.
Despite its small magnitude, this local gravitational redshift gives rise to noticeable effects in
cosmological inference using SN Ia data. Assuming conservative prior knowledge of the local
potential given by sampling a range of gravitational potentials at locations of Milky-Way-
like galaxies identified in cosmological simulations, we show that ignoring the gravitational
redshift effect in a standard data analysis leads to an additional systematic error of ∼ 1% in
the determination of density parameters and the dark energy equation of state. We conclude
that our local gravitational field affects our cosmological inference at a level that is important
in future observations aiming to achieve percent-level accuracy.
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1 Introduction
When standing on the surface of the Earth, one’s observations are strongly influenced by
one’s location. Even such fundamental things as the strength of gravity, differ depending on
whether you are on a mountain-top, in a valley, or sitting over an ore deposit. To get an
unbiased measurement, one needs to make measurements in many different places – or take
into account the local environment during the analysis.
In cosmology, too, our local environment influences our view of the universe as a whole.
The universe is arguably more homogeneous than the surface of the Earth, which is why
the cosmological principle (that the universe is homogeneous and isotropic) has been a very
successful basis of our studies of the expansion of the universe. However, in this era of
‘precision cosmology’ the inhomogeneities are no longer as negligible as they once were. We
are now at the stage where, to get accurate measurements of cosmological parameters, we
need to take these inhomogeneities into account [e.g. 1–7].
Gravitational lensing and peculiar velocities are observational manifestations of large-scale
structures in the universe. For cosmological purposes (as long as the distances being measured
are larger than the local inhomogeneity), many of the effects will average out over many
observations in many directions. For example peculiar velocities of distant galaxies will not
strongly effect the cosmological measurements from supernovae, despite the fact that they
are shifting the observed redshift from the true cosmological redshift, because this essentially
adds random scatter, which averages out. Similarly, lensing of supernova light will strongly
magnify a few supernovae and slightly de-magnify most supernovae, because there is more
volume in voids than clusters, but even though the scatter about the Hubble diagram is not
gaussian, the mean remains unbiased [8, 9].
The one effect that does not cancel, however, is the effect of our own location in this landscape
of space. Observations of our local universe suggest that we live in a slight underdensity,
compared to the mean density of the universe, which extends up to ∼ 100h−1Mpc. The
first observational indication of a local underdensity was shown in the data of supernovae Ia
[10, 11]. This reasoning, however, happened to depend strongly on modeling the supernovae
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colors [12]. Many prevalent arguments for a local underdensity come from studies of galaxy
counts [13–18] and galaxy cluster counts [19] in the local universe. If true, this would add
a slight gravitational redshift to every redshift we measure, even those well outside our
local density fluctuation. It also means that peculiar velocities of local galaxies will tend
to be away from us (being sucked out of our underdensity), thus increasing the apparent
Hubble flow of our local universe. The former of those effects – the gravitational redshift of
our own underdensity – is the more important of the two for distant cosmological probes,
because it effects every redshift we see from distant galaxies systematically. Although the
gravitational redshift we expect is very small (∼ 10−5), it can still have a noticeable effect
on our cosmological parameter measurements because it is systematic.
Gravitational redshift on cosmological scales was first detected in galaxy clusters [20–23].
The redshift manifests itself as relative shifts of the galaxy velocity distributions at different
distances from the cluster center [for more details see 24–27]. The measured gravitational
redshift is consistent with typical depths of the gravitational potential well in cluster-mass
dark matter haloes, i.e. approximately 4 × 10−5 for haloes with virial masses of 1014M⊙.
Comparable values of the gravitational redshift are expected from large-scale structures.
The gravitational redshift on these scales is expected to give rise to asymmetric features in
the cross-correlation function of massive galaxies with lower mass galaxies, which should be
detectable in upcoming redshifts surveys [28].
The purpose of this paper is to estimate the magnitude of the gravitational redshift effect,
and estimate the impact it has on our cosmological inferences. We begin in Section 2 by
estimating the typical magnitude of gravitational redshift that light experiences as it travels
from emitters to us, and assessing what part of that does not cancel out on average. We
consider light emitted from the mean gravitational potential of the universe, as well as light
emitted from the mean gravitational potential of emitters, which are biased tracers of the
potential (typically emitters sit in stronger gravitational wells because that is where galaxies
form).
In Section 3 we assess the impact such a systematic shift in redshift would have on our
cosmological inferences from supernova surveys. We show how the impact changes as more
flexibility is added to the models (e.g. allowing a varying equation of state). Although the
effect of a local gravitational redshift is small, it remains potentially important if we want
to measure cosmological parameters to 1% precision, and could cause false tensions between
data sets. We discuss these issues and conclude in Section 4.
2 Gravitational Redshift
The gravitational redshift results from a difference in a gravitational potential between the
point of light reception and emission. In the weak field limit, the gravitational redshift zg is
given by
zg =
φr − φe
c2
, (2.1)
where φr and φe is the gravitational potential at the points of light reception and emission,
respectively. The gravitational redshift may take a positive or negative sign, depending on
whether photons escape from a potential well or they are received therein. In the latter
case, the gravitational redshift would be observed as a blueshift. We hereafter refer to both
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situations as the gravitational redshift and we differentiate both by sign: positive for redshift
and negative for blueshift.
In cosmological context, the gravitational redshift is directly related to inhomogeneities in
the matter distribution. The redshift can be calculated using equation (2.1) with the peculiar
gravitational potential given by the Poisson equation
∇2φ = 4piGa2ρ¯δ(x, t), (2.2)
where a is the scale factor normalised to one at the present day, ρ¯ is the mean background
density (mass per physical volume, so ρ¯ = ρ¯0a
−3), the density contrast is δ = ρ/ρ¯ − 1, and
the gradient is with respect to comoving coordinates [29].
Before we proceed with more detailed calculations, it is instructive to make a few simple
estimates of the gravitational redshift for typical large-scale structures such as superclusters
or cosmic voids. Approximating the matter distribution with a top-hat model, one can show
that the peculiar gravitational potential is given by
φ =
G∆M
R
= −δRΩmH20R2/2, (2.3)
where ∆M is the total mass excess (decrement) with respect to the background density con-
tribution, R is the radius of a structure, δR is the total overdensity (the mean density contrast
within R), Ωm is the matter density parameter. We consider parameters characterizing two
examples of observed large-scale structures: δR = 0.8 and R = 50 h
−1 Mpc for the most
massive superclusters similar to the Shapley Supercluster [30], δR = −0.3 and R = 100 h−1
Mpc corresponding to large cosmic voids. This yields φ/c2 = −3× 10−5 and φ/c2 = 5× 10−5
for the supercluster and the void, respectively. These are quite typical values of the gravi-
tational redshift due to large-scale structures. Depending on the position of observer in the
cosmic web, the gravitational redshift may be as large as 10−4 (or 30 km/s, when expressed
in terms of the approximate Doppler velocity zgc). It is interesting to notice that this value
is comparable to the observed gravitational redshift due to deep potential wells in the most
massive dark matter haloes associated with galaxy clusters [20, 22, 23]. This means that our
simple estimate of the gravitational redshift can be boosted by factor of 2 when considering
light emitted from massive galaxy clusters embedded in large superclusters.
Contrary to the density field, the amplitude of the peculiar gravitational potential does
not decay with increasing scale. This can be shown by considering the variance of matter
density fluctuations – and thus potential fluctuations – at large smoothing scales. In this
regime, the power spectrum can be approximated by P (k) ∝ kn, where n is the spectral
index of the primordial matter density fluctuations. For a top-hat window, the rms of the
mass fluctuations within spheres of radius R ∝ M1/3 is given by σM (R) ∝ R−(3+n)/2 [31].
Conversion into the rms of the potential fluctuations yields the following scaling relation:
σφ(R) = GσM (R)M/R ∝ R(1−n)/2. For the Harrison-Zeldovich power spectrum (n = 1),
the rms of the potential fluctuations remains the same at all scales (in the limit of large
scales) with σφ/c
2 ≈ 2× 10−5 for Ωm = 0.3 and the power spectrum normalised to σ8 = 0.8
(approximately the measured rms of matter density fluctuations at a scale of 8h−1Mpc). For
a spectral index n < 1, fluctuations of the gravitational potential start to grow at large scales
and become a more dominant source of the potential compared to local structures at scales of
∼ 10h−1Mpc. This persistent lack of vanishing of large-scale Fourier modes is a dramatically
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Figure 1. A density contrast map from a MultiDark simulation smoothed at a scale of 50h−1Mpc
(left panel); with the peculiar gravitational potential of dark matter particles along a beam-sized line
crossing the simulation box (right panel). The color coding on both panels indicates consistently
the smoothed density contrast. The green filled circles on the left panel show the positions of dark
matter haloes along the sight-line chosen. Their sizes are proportional to the virial radii. Fluctuations
of the gravitational potential reflects large-scale inhomogeneities of the matter distribution, whereas
sharp minima coincide with massive dark matter haloes. Humps and troughs in the potential encom-
pass regions dominated by gravitational collapse (superclusters) and evacuation of matter (voids),
respectively.
different property compared to the density field. Arguably the most striking consequence of it
is the fact that in terms of the peculiar potential, the Universe is inhomogenous at all scales.
From a practical point of view, this property also shows that all calculations involving large-
scale gravitational potential should include primarily large-scale Fourier modes. In particular,
this implies the necessity of using cosmological simulations run in reasonably large boxes, with
a side length of at least ∼ 1h−1Gpc.
2.1 Gravitational redshift from cosmological simulations
Exact theoretical calculations of the gravitational redshift should take into account non-
linear evolution of cosmic structures. The reason is twofold. First, one should expect non-
negligible contribution to the potential from structures evolving in strictly non-linear regime,
e.g. clusters in superclusters. Second, realistic predictions for observations should be based
on a mock catalog of galaxies which define in a natural way a set of observed objects as well
as locations of observers in the cosmic web.
For our calculation of the gravitational redshift, we employ a large-scale cosmological N -body
simulation from the MultiDark data base.1 The simulation follows the evolution of 20483 dark
matter particles in a volume of (1h−1Gpc)3. The particle mass is 8.7 × 108h−1M⊙, yielding
a minimum resolved halo mass of around 1011h−1M⊙. The simulation adopted cosmological
parameters determined from the fifth data release of WMAP satellite observations [33], i.e.
Ωm = 0.27, ΩΛ = 0.73, σ8 = 0.82.
1The simulation is publicly available through the MultiDark database (http://www.multidark.org). See
[32] for all details of the database.
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As the first step of the calculation, we compute the peculiar gravitational potential at posi-
tions of all particles. The potential is computed with the Poisson solver built in the Gadget
code [34]. The right panel of Fig. 1 shows the gravitational potential of DM particles along
a beam-size sight line crossing the simulation box at redshift z = 0 (see the left panel). The
color coding indicates the density contrast smoothed at a scale of 50h−1Mpc. It is clearly
readable that the potential profile is determined primarily by two effects: fluctuations due
to large-scale structures at scales of ≥ 100h−1Mpc and local minima coinciding with the po-
sitions of massive dark matter haloes. As expected, minima of the potential occur at places
undergoing the process of collapse (positive density contrast), whereas the maxima coincide
with regions dominated by the process of matter evacuation (negative density contrast). The
amplitude of the large-scale fluctuations is consistent with our simple estimates of the po-
tential obtained for voids and superclusters with the matter distribution approximated by a
top-hat function.
The gravitational redshift is a differential effect for which one needs to specify positions
where light is emitted and received. It is natural to think that both places should be located
in galaxies. In order to generate a catalog of galaxies we apply an HOD (Halo Occupation
Distribution) model to the catalog of dark matter haloes found in the simulation. We use
all distinct haloes (haloes which are not subhaloes of larger haloes) detected by the Bound-
Density-Maxima halo finder [35]. We assume that every halo has one central galaxy and
a number of satellite galaxies. The satellite number for a given halo mass is drawn from
a Poisson distribution whose mean is a power-law function of the halo mass. Parameters
defining the mass dependance of the mean number of the satellites are taken from [36]. Once
the galaxy catalog is generated, every galaxy is assigned the mean gravitational potential of
all dark matter particles within the virial sphere of its host dark matter halo.
The gravitational redshift depends on the position of observer and selection of observed galax-
ies. The most straightforward way to quantify this effect is to consider a set of observers and
a set of observed galaxies, and then to compute the distribution of mean (averaged over the
same set of galaxies) gravitational redshifts as measured by these observers. In this approach,
the gravitational redshift corresponds a difference between the gravitational potential at the
observer’s position and the mean potential at locations of all observed galaxies. Its distri-
bution reflects directly the distribution of observers in the cosmic web (subject to a fixed
observational selection). The same approach was recently used to study cosmic variance of
the local determination of the Hubble constant [37].
We begin with a general setup for the calculation: observers located in Milky-Way-like galax-
ies and observing all galaxies found in the simulation at redshift z = 0 what corresponds to
a complete and shallow (no redshift evolution) galaxy survey. The Milky-Way galaxies are
identified as the central galaxies of dark matter haloes with masses (1 − 2.5) × 1012h−1M⊙,
where the adopted mass range comes from recent observational constraints on the Milky-Way
halo mass [38]. The black line in Fig. 2 shows the resulting distribution of the gravitational
redshift (the same set of galaxies observed by observers located at different positions in the
simulation box). The distribution is determined by the positions of observers in the cosmic
web. Depending on whether observers are located in overdense or underdense regions, light
from the observed galaxies becomes respectively blueshifted (negative values) or redshifted
(positive values). The most likely value of the gravitational redshift is close to 0, while 95
per cent of the allowed gravitational redshifts range between ±4× 10−5 (zgc = ±12 km/s).
– 5 –
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
-10-4     -5⋅10-5    0     5⋅10-5    10-4
pr
ob
ab
ili
ty
 d
ist
rib
ut
io
n/
10
4
zg
all galaxies (z=0)
groups/clusters (z=0)
clusters (z=0)
all galaxies (z=1)
groups/clusters (z=1)
clusters (z=1)
pr
ob
ab
ili
ty
 d
ist
rib
ut
io
n/
10
4
Figure 2. Probability distributions of the gravitational redshift at positions of Milky-Way-like galax-
ies in a large-scale cosmological simulation at cosmological redshift z = 0. The gravitational redshift
is measured from light emitted from all galaxies formed in the simulation (black), galaxies in groups or
clusters with a minimum host halo mass of 1013h−1M⊙ (red) or 10
14h−1M⊙ (blue). The widths of the
distributions represent a typical scatter in the gravitational potential due to locations of observers in
the cosmic web, whereas gradual shifts of the distributions show effect of selecting galaxies in denser
environments (solid red and blue lines) or at higher redshift z = 1 (dashed lines). Positive (negative)
values correspond to the actual redshift (blueshift) of observed spectra.
As a consequence of a flux limitation, most surveys tend to target more luminous galaxies
which in turn populate overdense regions of the Universe. Similarly, supernovae surveys may
produce more supernova discoveries in denser fields on the sky. This kind of selection can be
quite easily incorporated in our calculation by picking galaxies hosted by more massive haloes.
The red and blue lines in Fig. 2 show the distributions of the gravitational redshift given by
the gravitational potential of galaxies residing in haloes with masses larger than 1013h−1M⊙
and 1014h−1M⊙, respectively (with the same set of observers defined by the Milky-Way-
like galaxies). The two adopted minimum halo masses correspond to environments defined
by selecting groups or clusters of galaxies. It is clearly visible from the plot that selecting
galaxies in denser environments increases the probability of redshift against blueshift, i.e. a
positive value of the gravitational redshift is more probable than negative.
2.2 Time dependence of the gravitational redshift
The above calculations are based on a z = 0 snapshot, therefore they do not account for the
time evolution of cosmic structures. A simple way to show this effect is to select galaxies
from a higher-redshift snapshot. Here we repeat our calculations for redshift z = 1 which is
nearly an upper limit for the currently observed supernovae (there are far fewer at z > 1).
We consider the same set of observers as before, i.e. observers located in the Milky-Way-like
galaxies at z = 0, and analogous criteria for galaxy selection: all galaxies at z = 1 and two
subsets comprising galaxies in haloes with a minimum mass of 1013h−1M⊙ and 10
14h−1M⊙.
The dashed lines in Fig. 2 show the resulting distributions of the gravitational redshift.
– 6 –
 0
 0.5
 1
 1.5
 2
 2.5
-10-4     -5⋅10-5    0     5⋅10-5    10-4
pr
ob
ab
ili
ty
 d
ist
rib
ut
io
n/
10
4
zg
pr
ob
ab
ili
ty
 d
ist
rib
ut
io
n/
10
4
Figure 3. Probability distribution of the gravitational redshift measured inside cosmic voids (red)
or galaxy clusters (black) at redshift z = 0. Observers in underdense environments tend to measure
a positive signal (gravitational redshift), whereas those in galaxy clusters always observe a negative
signal (gravitational blueshift).
The apparent offsets between z = 0 and z = 1 distributions shown in Fig. 2 result primarily
from the growth of dark matter haloes. A time lag between formations of haloes with
different masses [39] explains dependence of the offset on the minimum halo mass used for
galaxy selection: the offset becomes largest for the most recently formed cluster-sized haloes.
Our calculations of the gravitational redshift distributions at z = 1 automatically include
evolution of larger-scale over- and under-densities which give rise to secondary anisotropies
of cosmic microwave background photons propagating through these regions – the integrated
Sachs-Wolfe effect [40]. The magnitude of the ISW redshift (due to time evolution of large-
scale inhomogeneities) estimated in a standard ΛCDM cosmological model is 10−7−10−6 [41,
42]. This value is much smaller than the offsets between low- and high-redshift distributions
shown in Fig. 2, therefore we conclude that the ISW effect is subdominant.
Bearing in mind that the scatter represented by the distributions in Fig. 2 is predominantly
determined by the distribution of observers in the cosmic web at z = 0, it is not surprising that
all gravitational redshift distributions have the same width. The offsets of the distributions
due to redshift evolution are much smaller than their width. This means that in most practical
applications the redshift evolution of the gravitational effect will be small. Moreover, it is
reassuring that the bias due to gravitational redshifts will be smaller when observing galaxies
at higher-z than at low-z because structures were less evolved than they are now — and thus
density contrasts were not as significant.
2.3 Observers in extreme environments
The distributions of the gravitational redshifts shown in Fig. 2 rely primarily on the assumed
ensemble of observers. Although our choice of Milky-Way-like galaxies is fairly general, it
seems to be instructive to explore other possibilities. In order to show a maximized effect
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of this assumption, we consider two extreme cases: observers located in galaxy clusters or
in cosmic voids. Galaxy clusters are identified as dark matter haloes with a minimum mass
of 1014h−1M⊙. Voids are found using ZOBOV void finder [43] and observers are placed at
locations of the minimum density smoothed at a scale of 10h−1Mpc. We only consider the
largest voids with a minimum effective radius of 100h−1Mpc. Fig. 3 shows the resulting
distributions of the gravitational redshift as measured from observations of all galaxies at
z = 0. As expected, observers in voids tend to measure a negative signal (gravitational
blueshift), whereas those in galaxy clusters always observe gravitational redshift. Needless to
say, both distributions sample respectively the lower and upper tails of the z = 0 distributions
shown in Fig. 2.
3 Effect of gravitational redshift in analysis of SN Ia data
Cosmological inference with SN data relies primarily on fitting the slope of the magnitude-
redshift relation (or, equivalently, the distance modulus-redshift relation) and its dependance
on cosmological redshift. The absolute normalization of this relation is degenerate with the
Hubble constant and it is commonly treated as a nuisance parameter. Dependance of the
apparent magnitude on cosmological redshift is strong enough, especially at small redshifts,
to make the magnitude-redshift relation sensitive to quite small perturbations in redshift
space. Even for perturbations as small as those given by the expected gravitational redshift
due to large-scale structures, deviations in the distance modulus are large enough to have
an impact on the measurement of cosmological parameters using SN data. This property
is illustrated in Fig. 4 which shows deviations of distance moduli (or apparent magnitude)
from a fiducial ΛCDM model with Ωm = 0.3 and ΩΛ = 0.7, due to the presence of the local
gravitational redshift. These deviations are compared to analogous changes in the magnitude
caused by introducing small perturbations in cosmological parameters with respect to their
fiducial values. We consider perturbations both in the density parameters, Ωm and ΩΛ, and
parameters of a time-dependent equation of state for dark energy, i.e. w(a) = w0+(1−a)wa
[44, 45]. The magnitude of perturbations is chosen to be 0.01 for wa (its fiducial values is
0 when dark energy is a cosmological constant) and 1 per cent of the fiducial values for all
remaining parameters. The normalization of the magnitude-redshift relation is a nuisance
parameter and cosmological fits would yield slightly different values for every set of perturbed
data. Without loss of generality, we choose to normalise all models at an observed redshift
of 0.75.
Since the local slope of the magnitude-redshift relation gradually steepens with decreasing
redshift, it is not surprising that perturbations in the apparent magnitude due to the local
gravitational redshift diverge at small cosmological redshifts. This feature is clearly demon-
strated in Fig. 4. It is also apparent from this figure that perturbations due to the local
gravitational redshift can mimic small changes in cosmological parameters. This implies that
the presence of the gravitational redshift is expected to affect determination of cosmological
parameters with SN data.
Following the main idea illustrated in Fig. 4, here we quantify the impact of the gravitational
redshift on cosmological parameters determined from SN data. The effect is measured by
fitting cosmological parameters to a mock SN data set generated for a fiducial cosmological
model and perturbed by the gravitational redshift. As a fiducial model we assume a flat
– 8 –
Figure 4. How a gravitational redshift changes the magnitude-redshift diagram, in comparison to
how it is changed by shifts in cosmological parameters. The horizontal axis is the observed redshift.
The shaded regions show how the magnitude-redshift relation is altered with respect to a fiducial
ΛCDM model with Ωm = 0.3 and ΩΛ = 0.7, caused by the presence of the gravitational redshift
ranging from 10−5 to 10−4 (solid lines for a positive redshift, dashed lines for a negative redshift).
They are compared to analogous changes obtained by small perturbations of cosmological parameters
in the fiducial model (with the amplitude of perturbations 0.01 for wa and 1 per cent of the fiducial
values for the remaining parameters). Changes due to a gravitational redshift of 10−5–10−4 can
be partially mimicked by ∼ 1% perturbations in some cosmological parameters. Supernova surveys
with limited redshift range are particularly sensitive, because marginalising over absolute magnitude
effectively allows an arbitrary vertical scaling.
ΛCDM model with Ωm = 0.3 and ΩΛ = 0.7. This model is used to calculate distances
to and thus distance moduli of SNe. The mock data set comprises redshifts and errors in
the apparent magnitude of all 557 SNe Ia from the Union2 compilation [46]. We assume
that these redshifts are exact cosmological redshifts which are then perturbed by applying
a systematic shift due to the local gravitational redshift. As shown in the previous section
(and Fig. 2), the time evolution of the gravitational redshift since redshift z = 1 is small
compared to a scatter due to the distribution of observers in the cosmic web. Therefore, for
the purposes of this paper it is safe to assume that the perturbation due to gravitational
redshift is independent of cosmological redshift.
We fit a cosmological model to the mock SN data by minimizing the posterior probability
marginalized over the normalization of the distance modulus-redshift relation. In this ap-
proach, the normalization is a nuisance parameter combining the absolute magnitude and
the Hubble constant and no prior knowledge of its value is assumed in the analysis. As
shown by [47], the logarithm of the posterior probability marginalized over the normalization
parameter is given by
χ2(θ) ∝
∑ [µi − µ(θ, zi)]2
σ2i
−
(∑ µi−µ(θ,zi)
σ2
i
)2
∑
1/σ2i
, (3.1)
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Figure 5. Results of fitting a non-flat ΛCDM cosmological model to the mock SN data generated for
a fiducial flat ΛCDM model with Ωm = 0.3 and ΩΛ = 0.7 and perturbed by the gravitational redshift
due to the local gravitational potential. Left panel: The relative deviation of the best fit parameters
from the fiducial values as a function of the absolute magnitude of the gravitational redshift. The red
and blue curves correspond to a positive and negative gravitational redshift. Right panel: Migration
of the best fit point on the plane of the density parameters. The black line shows flat ΛCDM models.
where θ is a vector of cosmological parameters, zi are cosmological redshifts and σi are the
errors of the apparent magnitudes. The variable µ is a normalization-free distance modulus
defined as
µ = 5 log10(dL), (3.2)
where dL is a Hubble-free luminosity distance given by
dL(z) =∝


(1 + z) sin(I
√−Ωk)/
√−Ωk, Ωk < 0
(1 + z)I, Ωk = 0
(1 + z) sinh(I
√
Ωk)/
√
Ωk, Ωk > 0,
(3.3)
with
Ωk = 1− Ωm − ΩΛ, (3.4)
I =
∫ z
0
dz′
H(z′)/H0
, (3.5)
H(z)/H0 =
√
Ωm(1 + z)3 +ΩΛ +Ωk(1 + z)2. (3.6)
The µ variable is directly related to the apparent magnitude m through the following relation
m = µ+ 25 +M + 5 log10(c/H0), (3.7)
where M is the absolute magnitude.
Fig. 5 shows results of fitting Ωm and ΩΛ to the mock SN data, as a function of the assumed
gravitational redshift. The left panel shows the relative deviations of the best fit parameters
from the fiducial values and the right one shows a migration of the best fit point on the
plane spanned by the two density parameters. It is clearly readable from this plot that the
gravitational redshift has a noticeable effect on measuring cosmological parameters from SN
data. A positive gravitational redshift (corresponding to a local underdensity) gives rise to
an increase of the best fit density parameter at zg ≤ 5× 10−5 by up to 1% for Ωm and up to
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Figure 6. Results of fitting a flat cosmological model with a free equation of state for dark energy,
to the mock SN data generated for a fiducial flat ΛCDM model with Ωm = 0.3 and ΩΛ = 0.7 and
perturbed by the gravitational redshift due to the local gravitational potential. Left panel: The
relative deviation of the best fit parameters from the fiducial values as a function of the absolute
magnitude of the gravitational redshift. The solid and dashed lines correspond to a positive and
negative gravitation redshift, respectively. Right panel: Migration of the best fit point on the plane
of Ωm and w.
3% for ΩΛ. This leads effectively to a positive curvature with 0 < Ωk ≤ 0.024. For negative
values of the gravitational redshift, both density parameters are biased low and the relative
deviations are approximately symmetric to their counterparts with a positive gravitational
redshift. The best fit parameters are distributed along a line which is oriented in a similar
way as a degeneracy axis for a cosmological fit based on a non-flat ΛCDM model [see e.g.
46].
Having shown that the gravitational redshift has a noticeable impact on the accuracy of
measuring density of dark energy, it is instructive to consider whether constraints on the
equation of state should be a matter of similar concern as well. Here we repeat cosmological
fits assuming a flat cosmological model with a constant equation of state w. The Hubble
parameter in this case is given by:
H(z)/H0 =
√
Ωm(1 + z)3 +Ωx(1 + z)3(1+w), (3.8)
where Ωx is the density parameter for dark energy. Fig. 6 shows differences between the
best fit Ωm and w, and the fiducial values, i.e. Ωm = 0.3 and w = −1. Compared to a
cosmological fit with a ΛCDM parametrization, the presence of the gravitational redshift
leads to opposite biases in Ωm and w. A positive gravitational redshift increases the value of
Ωm and decreases the value of w. A change of the sign in the gravitational redshift reverses
the signs of the biases keeping approximately the same absolute values. In general, effect of
the gravitational redshift is stronger than for a ΛCDM fit. Similarly to a fit with a ΛCDM
model, the line of best fit models in the parameter space resembles a degeneracy axis for a
fit with a flat model and free equation of state w [see e.g. 46].
In general, adding more degrees of freedom in cosmological model is expected to amplify
deviations from the correct cosmological models. As an ultimate example we consider a
cosmological model with a time-dependent equation of state for dark energy. We assume
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Figure 7. Results of fitting a flat cosmological model with Ωm = 0.3 but with a free equation of
state for dark energy that can vary linearly with scale factor, to the mock SN data generated for a
fiducial flat ΛCDM model with Ωm = 0.3 and ΩΛ = 0.7 and perturbed by the gravitational redshift
due to the local gravitational potential. The solid and dashed lines show the relative deviation of
the best fit parameters from the fiducial values for a positive and negative redshift, respectively. Left
panel: Results for a model with free parameters of equation of state and fixed density parameters,
i.e. Ωm = 0.3 and ΩΛ = 0.7. Right panel: Results for a flat model with free parameters of equation
of state. The peculiar behaviour of the w0 fit at the far right occurs because the best fit Ωm hits zero
– which is the edge of the allowable parameter range.
equation of state which is a linear function of the scale factor [44, 45],
w(a) = w0 + wa(1− a), (3.9)
which yields the following redshift dependence of the Hubble parameter
H(z)/H0 =
√
Ωm(1 + z)3 +Ωxf(z), (3.10)
f(z) = (1 + z)3(1+w0+wa) exp[−3waz/(1 + z)]
As in the previous case, we assume a flat cosmological model. Fig. 7 shows deviations of the
best fit parameters obtained from fits assuming a fixed or varying Ωm. When keeping Ωm
fixed at its true value, deviations in wa are 3 times larger than in w0 which in turn exhibits
nearly the same relative deviations as w in a cosmological fit with a constant equation of
state. A dramatic boost of the deviations is visible when one allows Ωm to vary. In this
case, best fit values of wa and Ωm for gravitational redshift zg = ±5 × 10−5 deviate by as
much as 40% and ±3% from their true values. Stronger deviations at zg ≥ 7 × 10−5 occur
when w0 + wa becomes comparable to 0. This part of parameter space violates early dark
matter domination and it can be excluded by the cosmic microwave background (CMB) and
baryon acoustic oscillations (BAO) data [46]. Note that if the gravitational redshift effect
is important (if we are in a region of the universe experiencing zg >∼ 10
−5) then an apparent
tension between data sets would emerge until this effect was taken into account.
3.1 Predictions for systematic errors
There are two possible ways of dealing with the gravitational redshift effect when inferring
cosmological parameters from SN data. Assuming prior knowledge of the exact value of the
– 12 –
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9
-5 -4 -3 -2 -1  0  1  2  3  4  5
pr
ob
ab
ili
ty
 d
ist
rib
ut
io
n
δΩ/Ω, δw/w [%]
Ωm, ΛCDM
ΩΛ, ΛCDM
Ωm, wCDM
w, wCDM
wa, w(a)CDM
Figure 8. Systematic errors in a measurement of cosmological parameters using SN data, due to the
presence of an unconstrained gravitational redshift. The curves show the distributions of differences
between the best fit cosmological parameters and their fiducial values assumed for the mock SN data.
The distributions reflect positions of the Milky-Way-like galaxies in the cosmic web. Cosmological
parameters are obtained from two-parameter fits in a non-flat ΛCDM cosmological model with free
Ωm and ΩΛ, a flat wCDM model with free Ωm and equation of state w, or a flat w(a)CDM model
with free w0 and wa.
peculiar potential at our own location, one can attempt to correct the observed redshifts
for the presence of the gravitational redshift. However, a plausible estimate of the local
gravitational potential and thus the gravitational redshift is quite imprecise, because it can
only be based on a model of the local density fluctuations and thus it cannot account for
a non-negligible contribution from large-scale Fourier modes. Lack of precise observational
constraints on the gravitational redshift leads to a second possibility in which the gravitational
redshift becomes a source of additional systematic error. In this approach, we accept the fact
that the gravitational redshift effect puts limits on the accuracy of cosmological inference
using SN data, regardless of amount and quality of the data. Note that this will also affect
other distance probes such as baryon acoustic oscillations (BAO). However in the case of
BAO the existence of a calibrated standard ruler length (from the CMB) makes the fit more
robust because it restricts the overall magnitude shift and thus removes flexibility from the
fit.
The systematic errors due to the presence of the gravitational redshift can be calculated by
combining results from fitting the mock SN data with the expected distribution of the grav-
itational redshifts as measured by observers located in the Milky-Way-like galaxies. Since
the redshift evolution of the mean potential is much smaller compared to a scatter due to
locations of observers in the cosmic web, we only consider the gravitational redshift distribu-
tion calculated at cosmological redshift z = 0. We also conservatively assume that the whole
population of galaxies found in the simulation is possibly the least biased representation of
a population of the SN Ia host galaxies (see the black curve in Fig. 2).
Fig. 8 shows the distribution of differences between the best fit cosmological parameters and
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the fiducial values assumed for the SN mock data. Different kinds of lines show results for a
non-flat ΛCDM model (Ωm and ΩΛ), a flat wCDM model with a free equation of state for
dark energy (Ωm and w), and a flat waCDM model with equation of state linearly dependent
on the scale factor (w0 and wa). The standard deviations of the distributions shall be
interpreted as systematic errors of the measurement due to the presence of an unconstrained
gravitational redshift related to the local gravitational potential. Relative systematic errors
amount to 1% and 0.5% for ΩΛ and Ωm when fitting a non-flat ΛCDM cosmological model.
The corresponding error in Ωk is 0.01. When fitting a flat cosmological model with a free
equation of state for dark energy, the expected systematic errors are 0.8% for Ωm and 1.1% for
w. Finally, fitting a flat model with a redshift-dependent equation of state yields systematic
error of 3.7% in wa. This uncertainty is boosted by a factor of 4 when allowing Ωm to vary.
While the effect of this local-density bias on the final cosmological model can be reduced
significantly by combining supernova data with other cosmological probes, the bias will nev-
ertheless cause a tension between data sets that will worsen as the precision of the mea-
surements improves. These tensions mean more complex models can falsely improve on the
standard model by relieving the tension. In other words, biases in any data set can cause
one to falsely conclude a more complex model is necessary to explain the data. All biases
should therefore be eliminated where possible.
4 Discussion and conclusions
The gravitational redshift due to our own location in the large scale gravitational potential
field becomes relevant when using SN data for determination of cosmological parameters to
1% precision. The effect of the gravitational redshift on the best fit models is particularly
amplified in extensions of a standard ΛCDM cosmological model such as models invoking dark
energy with a redshift-dependent equation of state. These models are of particular attention
from the point of view of future dark energy surveys whose goal is to discriminate between
a cosmological constant and other forms of dark energy. Our findings imply that neglecting
gravitational redshift in a cosmological analysis of SN data leads to an additional systematic
uncertainty of 4% in wa assuming an unbiased prior on Ωm, and 16% when allowing Ωm to
vary.
A cosmological fit with SN data can in principle be corrected for the gravitational redshift
effect. This correction would require precise measurement of the gravitational redshift at our
location. However, current constraints on the matter distribution in the local universe are not
accurate enough, so the only means to account for the gravitational redshift is to consider an
additional systematic error caused by lack of prior knowledge of this redshift. Calculations
of these systematic errors presented in this work are based on a matter distribution given
by a standard ΛCDM model. This kind of analysis is circular in the sense that results are
correct if ΛCDM model is valid. It is a minimum approach in which we show that the
presence of the gravitational redshift permitted by a standard cosmological model can mimic
certain modifications of the model itself. However, one should bear in mind that other matter
distributions for other cosmological models are expected to result in different (and potentially
larger) estimates of the systematic errors.
The presence of a gravitational redshift in SN data alters cosmological fits through an alter-
ation in the distance modulus vs redshift relation (see Fig. 4). This issue is worse for super-
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novae than BAO because for supernovae the combination of absolute magnitude and Hubble
parameter is not accurately known, effectively introducing an arbitrary additive scaling to
the distance modulus that we need to marginalise over (in Fig. 4 we arbitrarily normalised
the theory curves to z = 0.75). The BAO length scale can be calibrated to the CMB (or
theory), reducing the flexibility in the fit and preventing a redshift shift from mimicking a
cosmological parameter shift. Also, since BAO are a standard ruler while supernovae are a
standard candle, the errors due to an undiagnosed local density fluctuation will differ between
the two probes. Essentially this is because the angular diameter and luminosity distances
differ by a factor of (1 + z)2, the former being proper distance divided by (1 + z) and the
latter being proper distance multiplied by (1+ z). While the ratio of the luminosity distance
to the angular diameter distance must equal to (1 + z)2 in any metric theory of gravity, in
practice this distance duality relation can be broken because during the analysis the redshift
has been mis-assumed to be entirely cosmological.
Finally, what we have shown is that small systematic shifts in redshift can have a large
impact on cosmological results. Thus we should take extreme care when calibrating and
fitting for the redshifts of supernovae to ensure no observational effects bias our cosmological
results. For example, a fraction of a pixel systematic offset in the spectrograph wavelength
calibration, an incorrect heliocentric correction, or an error in conversion to the CMB frame,
could easily cause a shift larger than the one due to our local gravitational potential. If that
shift is systematic across the entire data set, it would also bias cosmological results in much
the same way as a gravitational redshift.
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